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Abstract 
Let C”(X) be the set of all real-valued bounded continuous functions on a space X. Let < be 
a (not necessary linear) functional on Cb(X). A closed subset S of X is called a support for < if 
E(f) = J(g) holds for any pair (f,g) of functions in Cb(X) such that f 1 s = g 1 s. We study some 
properties of supports for continuous functionals and uniformly continuous functionals on Cb(X) 
with certain topologies. 
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1. Introduction and preliminaries 
In this paper, we assume that all spaces under consideration are Tychonoff. Let C(X) 
be the set of all real-valued continuous functions on X and B(X) the set of all real- 
valued bounded (not necessary continuous) functions on X. For a family A of sets, we 
write nd = n{A: A E d} and Ud = U{A: A E A}. For a function f on X and a 
subset M of X, the restriction of f to A4 is denoted by fly. The symbol 7r~ denotes 
the map from B(X) to B(M) defined by KM(~) = fly. For a function 4 in B(X), 
and a subset IVi of X, we set; 
ll4llA4 = sup { (4WI: z (5 M}, 
and if M = X, we write 1) 11 for (1 . 11~. 
IF%, w and w1 denote the real line, the first infinite ordinal and the first uncountable 
ordinal, respectively. If we deal with ordinals as spaces, then we always consider usual 
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order topologies on them. We call a real-valued function on Cb(X) a functional. Other 
undefined terms can be found in [4]. 
A function q!~ in B(X) is said to vanish at injnity if, for any positive number E, there 
exists a compact subset K of X such that ilq5jl~\~ 6 E. A function 4 that vanishes at 
infinity, is said to be tame if, for any positive number E, there exists a compact subset K 
of X such that \]4ll~\~ < E and 41~ is continuous on K. We fix one of such compact 
sets, SK(C$, E) for every tame function 4. Let 
Fin(X) = the set of all characteristic functions of finite subsets of X, 
K(X) = the set of all characteristic functions of compact subsets of X, 
Boo(X) = the set of all tame real-valued functions on X, 
&(X) = the set of all real-valued functions on X that vanish at infinity, 
P(X) = C(X) n B(X). 
Let 3 be a subset of B(X) that contains Fin(X). For functions f in Cb(X), 4 in 3, a 
subset M of X and a positive number E we set 
we write (f, 4, E) for (f, 4, E)X. F or a space X, C%(X) denotes the space of all real- 
valued bounded continuous functions on X with the locally convex topology which has 
a neighborhood base at f in C:(X) consisting of all sets of the form (f, 4, E) where 4 is 
a function in 3 and E is a positive number. We call this topology on Cb(X) 3-generated 
topology. Under this formulation, we note the following. 
3 3-generated topology 
Fin(X) pointwise convergent topology 
K(X) compact-open topology 
B,,(X) strict topology 
B(JY) sup-norm topology 
Obviously, if 3 c 3’, then 3’-generated topology is finer than 3-generated one. The 
strict topology on Cb(X) was originally defined by Back [2] for a locally compact space 
X as the (C(X) nBa(X))-g enerated topology, and has been generalized for an arbitrary 
space X as the &(X)-g enerated topology. Let us now note that the &e(X)-generated 
topology on Cb(X) coincides with the strict topology for every space X. Indeed, for 
every function f in Cb(X), 4 in Be(X) an d every positive number E, by taking a compact 
subset K of X such that [\4ll~\~ < E, we have 
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where 4’ is the function in Boo(X) defined by; 
q!)*(x) = &, ifxEX\K, 
IlCillK, ifxEK. 
In the proofs of the following results (except Proposition 2), the sets Boo(X) are more 
convenient than the sets Ba(X), because we can use the continuity of functions on 
compact sets. 
Let < be a functional on @(X). A closed subset S of X is called a support for t if 
E(f) = t(g) holds for any pair (f, g) of functions in Cb(X) such that f]s = g1.s. We say 
that a support S for E is minimum if every support for < contains S. Let Suppc be the 
set of all supports for a continuous functional [ on C%(X). In the previous papers [7,8], 
the first author observed the existence of the minimum supports for continuous (not 
necessary linear) functionals on C(X) with the compact-open (pointwise convergent) 
topology. The purpose of this paper is to present some results on supports for continuous 
functionals on C%(X). 
2. Some results 
In this section we list some results on supports for continuous functionals on C%(X). 
The proofs will be given in Section 3. 
Theorem 1. For every space X. every subset 3 of Boo(X) that contains Fin(X) and 
every continuous functional < on C$(X), the minimum support for < exists. 
In connection with this theorem, we get: 
Proposition 2. Let 3 be a subset of B(Q) that contains Bo(wl), and 6 the functional - 
on @k(w) defined by t(f) = f(w) f or any function f in C%(wt); here 7 denotes the 
unique continuous extention off to wt + 1. If Bo(wt ) is a proper subset of 3, then < is 
continuous. 
This proposition says that, for some space X, the strict topology is the maximal 
topology on Cb(X) among all topologies which are generated by subsets of B(X) in 
the sense that every continuous functional has a minimum support for it. Indeed, for the 
functional e in the above proposition, we have n Supp < = 8. 
Let r be a cardinal. A space X is said to be almost r-compact if there exists a family 
{K,: a! < r} of compact subsets of X such that X = U{KLY: (Y < I-}. Almost w- 
compact spaces are said to be almost o-compact. The smallest cardinal 7 such that X 
is almost r-compact, is denoted by cd(X) ( see [8]). In [8], the first author discussed 
almost u-compactness of minimal supports. For function spaces C%(X), we can get 
similar results. A space is said to satisfy the countable chain condition if there exists no 
uncountable pairwise disjoint family of nonempty open subsets of that space. The scheme 
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of the proof of the following proposition may be already known. McCoy [6] informed 
the first author of the proof for function spaces with the compact-open topology. For 
the completeness of the paper, we will give the proof below. A space X is said to be 
submetrizable if there exists a continuous bijection from X onto a metrizable space. 
Proposition 3. Let 3 be a subset of Boo(X) that contains Fin(X). If a space X is 
submetrizable (in particular metrizable), then C&(X) satisfies the countable chain con- 
dition. 
Remark 4. For any space X, the space Ciiin(x) (X) (= C:(X)) satisfies the countable 
chain condition (see [l]). 
We give a definition here. 
Definition 5. Let F be a subset of Boo(X) that contains K(X). A space X has 7 - a- 
property if for every continuous functional c on C%(X), the closed subset n Supp [ of 
X is almost g-compact. 
Theorem 6. Let 3 be a subset of Boo(X) that contains K(X). If C;(X) satisfies the 
countable chain condition, then X has 3 - u-property. 
By Proposition 3, we get: 
Corollary 7. If a space X is submetrizable (in particular metrizable), then X has 3-u- 
property. 
Obviously, 3 - a-property of a space implies that it has the property (a) (see [S]), 
we have: 
Theorem 8. Let X be a space that has a closed-and-open subset Y such that cd(Y) = 
wt. If X has 3 - a-property, then every compact subset of X is metrizable. 
A locally convex topological vector space E is said to be semi-norm separable if for 
every continuous semi-norm p on E, the space (E,p) whose topology is determined 
by p (see [9, Theorem 3, p. 15]), is separable. According to the theorem of Gulick and 
Schmets [S, Theorems 2b and 3b], we have: 
Corollary 9. Let X be a space that has a closed-and-open subset Y such that cd(Y) = 
wt. Zf X has 3 - o-property, then C;(X) is semi-norm separable. 
By Theorem 8, we can find a space X such that there exists a continuous functional on 
C;,,,(X) which has no almost cT-compact support (see [8]). From this point of view, 
the next theorem seems interesting. We need a notion here. 
Definition 10. Let 7 be a subset of &a(X) that contains Fin(X). A functional e on 
C:(X) is said to be uniformly continuous if for any positive number E, there exist a 
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function 4 in 3 and a positive number 6 such that for any pair (f, g) of functions in 
G(X), f - 9 E (O,6 6) implies k(f) - E(s)1 < E where 0 is the zero function on X. 
Theorem 11. Let X be a space and 3 a subset ofB~(X) that contains K(X). If[ is 
a uniformly continuous functional on @k(X), then the closed subset n Supp [ of X is 
almost a-compact. 
The next proposition completes Theorem 11 
Proposition 12. Let X be a space and 3 a subset of Boo(X) that contains K(X). 
For any closed almost a-compact subset S of X, there exists u uniformly continuous 
functional <s on C%(X) such that n Supp& = S. 
3. Proofs 
To prove Theorem 1, we need Lemmas 13, 14 and 15. In them, 3 is always assumed 
to be a subset of Bee(X) that contains Fin(X). Lemma 13 will also be used later. 
Lemma 13. Let 4 be a function in 3 and Fl, F2 closed subsets of X. For any pair 
(f, g) of functions in C%(X) and a positive number E, if g E (f, 4, E)~,~JT~, then there 
exists a function h in C$(X) such that h E (f, 4, E)F~ and hlFz = glFz_ 
Proof. Put 
L= {xEKW: I&)(&+f(x))1 h}. 
Since 114. (9 - f)ll F,,,F* < E, we have L n F2 = 0. Since 4 is tame, L is a compact 
subset of X, and so there exists a continuous function r : X + [0, l] such that T]F~ = 0 
and T]L, = 1. Put h = f r + g (1 - r). Then h is a function in C%(X) such that 
h/F2 = g1F2. For any x in Fl, we have 
[4(z) (h(z) - f(x)) I= (1 - +,> ld+c) (s(x) - f(x)> 1 
(If( + ldx)l), if x E FI \ K7 
if 5 E L, 
ifxE(KnFt)\L. 
Hence h E (f, 4, E)F,, as required. 0 
Lemma 14. For any closed subset F of X, the restriction map TF from C:(X) 
CiFcF.)(F) is an open map onto TTF(C$(X)) and the set TF(C&(X)) is dense 
C& (3) (F). 
to 
in 
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Proof. Using Lemma 13 with Fl = X and Fz = F, we have 
~((f,0)) = {g 6 Cb(F): 116 (g - f)ll, < &} nn@(X)) 
for any function f in C;(X), any function 4 in 3 and any positive number E. Hence 
rr~ is relatively open. To prove the second statement, take functions f in CiF(Fj (F), 
4 in 3 and a positive number E. Put A4 = jlfll~ + E and K = SK(q4,&/(2M)) n F. 
There exists a function g in C;(X) such that g\K = fly. Put 
L = {x E F : [g(x) - f(x)1 > 42). 
Since L is a closed subset of X, there exists a continuous function T : X + [0, I] such 
that TIL. = 0 and T/K = 1. Put h = g. T. We have 
I~(x)(~(z) - f(z)) 1 = \4(~)(s(~) - f(x)) 1 = 0 for any 2 E K, (1) 
14(z)(h(z) - f(z)) 1 = I$(z).f(z)l G &llfll < E for any z E L \ K. (2) 
And, since 
19(x) - f(x)] < c/2 and lg(x)l < llfll~ + E/Z 
hold for any z E F \ (L UK), we have 
Iq!(z)(h(z) - f(x))\ < ~~c#-(~) - lllgb)l + Id4 - f(4) 
<-+M<E. (3) 
By cl), (2) and (3), we have r~(h) E {f’ E F: l/q+. (f’ - f)ll~ < E}. 0 
Lemma 15. Let { be a continuousfunctional on C%(X). For any pair (S, T) of elements 
of Supp I, S n T belongs to Supp <. 
Proof. Assume that there exist functions f and g in C;(X) such that f1.s”~ = gls,-,T 
but t(f) # E(g). Since S E Suppt, 
G’ (w (E-’ (rkT,>>> = EC’ (C(d) 
holds for the restriction map 7rs. From this, we have fls $ rrs([-‘(E(g))). By Lemma 14, 
rr,s(<-‘(t(g))) is closed in rrs(C$(X)). Th ere exist a function 4 in 3 and a positive 
number E such that (f, 4,~)s n <-' (E(g)) = 0. Since g E (f, 4, E)S~T, using Lemma 13 
with Fl = S and F2 = T, we can find a function h in C!&(X) such that h E (f, 4, E)S 
and hlT = g[T. This is a contradiction. 0 
Proof of Theorem 1. We need to prove n Supp[ E Suppt. Put S = n Suppt. Assume 
that there exist functions f and g in C%(X) such that fls = gls, but t(f) # E(g). Since 
f does not belong to the closed subset <-‘(E(g)) of C%(X), there exist a function 4 in 
3 and a positive number E such that (f, d, E) n c-' (E(g)) = 0. Put 
K = SK ( 4, 2(1lflli+ lIdI) ’ > 
L = {x E K: 14b)(gW - f(4) 1 2 + 
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Since 4 is tame, L is a compact subset of X. Since S does not intersect L, using 
Lemma 15, we can find an element T of Supp[ such that L n T = 8. For any 1 in T, 
we have 
14(4(9(4 - f(4) I < 
&+ ,,g,,)ilf(~)l + 19(~)1), ifz E T\K, 
E, ifzETnK. 
Since g E (f, 4, E)T, using Lemma 13 with Fi = X and F2 = T, we can find a function 
h in C;(X) such that h E (f, 4, E) and hlT = glT. This is a contradiction. 0 
Proof of Proposition 2. It is sufficient to show that < is continuous at the zero function. 
Take a function q5c in .?= \ &(wi). There exists a positive number &J such that for any 
compact subset K of WI, 140(x) 1 3 60 holds for some 5 in WI \ K. For a positive number 
E, we set S = E&. Take a function f in (0, &,6). Th ere exists a countable ordinal cy such 
that fl[a,wl) = f(wt ). For the compact subset [0, cy] of WI, take a point /? in WI \ [0, o] 
such that I&(@] 3 60. We have; 
To prove Proposition 3, we need Lemma 16. 
Lemma 16. Let X be a space, M a metrizable space and p a continuous bijection 
from X onto M. For any subset 3 of Boo(X) that contains Fin(X), the mapping p* 
from C& (M) into C%(X) dejined by p*(f) = f o p for all f in C& (M), is a dense 
embedding, tijhere F = { q5 o p-’ : q5 E 3}. 
Proof. It is easily checked that p* is an embedding. For every g in C$(X), 4 in 3 and 
any positive number E, by Dugundji’s extension theorem [3], we can find a function f in 
C&(M) such that UOP)IK = glK and Ilf 0~11 = llg1lK where K = SK($, ~/(31lg/l)). 
For this f, p*(f) E (g,4, E) holds. q 
Proof of Proposition 3. By Lemma 16, we may assume that X itself is metrizable. We 
only need to show that a family 
{(fa+#J&J: fa E C$(X), 4a E 3, Ea: > 0, o < tit} 
can not be pairwise disjoint. Put 
K,,=S’K(&,s), and F=U{K,,: (IY<WI, n<w}. 
Since X is metrizable, F is a metrizable space whose weight does not exceed 2”. Hence, 
there exist a separable metrizable space Y and a continuous bijection p from F onto Y 
(see [4, Exercise 4.4.C.(a), p. 2861). Since the set ((41,~) 0 p-’ : 4 E 3’) is contained in 
BOO(Y) and C&,,cy,( Y is separable (see [5, Theorem 3a]), by Lemma 16, CiFc7)(F) ) 
is separable. By Lemma 14, r~((f~, &, Ed)) is a non-empty open subset of CiF(F) (F) 
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(Note that 7r~(Cg(X)) = CiF(31 (F), because F is a C’-embedded subset of X.) 
Therefore, there exist two distinct indexes o and ,B such that 
Hence there is a function g in (fa, &, Ed) such that g E (f~, $p, E~),F. Using Lemma 13 
with F, = X and F2 = F, we can find a function h in (fo, 40, EP) such that h[F = g/F. 
Choose a number n such that llhll + jifolll < TZ + 1. For any zr in X, we have 
Hence h E (fa, &, eLY) holds. 0 
To prove Theorem 6, we need Lemma 17 
Lemma 17. Let .T be a subset of Boo(S) that contains K(S), and D a dense subset 
of C$(S) that satisfies the countable chain condition. For any real-valued continuous 
function p on D, there exists a closed almost o-compact subset A of S that sutisJes the 
following condition (*): 
(*) For any pair (f, g) offunctions in D, if fj~ = g]A, then p(f) = p(g). 
Proof. Let {Uk: lc E w} be a base for R. For every k, we can find a maximal disjoint 
countable family ok = { (.fF, @, E!) n 22 1 < w} such that U ylc c p-l (.?Yk). By the 
maximality of Tk, Uyk is a dense subset of p-‘(uk). Put 
Kklm = Sj+#‘F,&), and A = U{&& ,E,l,m < w}. 
The set A is the required closed almost a-compact subset of 5’. To show that A satisfies 
the condition (*), it is sufficient to show that, for any pair (f, g) of functions in D, 
g E U ok if fly = g IA and f E u Yk for some Ic < w. Take a function 4 in F and a 
positive number E. Since f E IJ-yk, there exist a number 1 and a function h in Z, such 
that h E (f, 4,~) fl (f/, q$,$). Since h E (g, ~,E)A, using Lemma 13 with F, = S 
and F2 = A, we can find a function h in C%(S) such that h E (g, 4, E) and hl~ = hIA. 
Choose a number m such that llf/li + llhll < m + 1. For any x in S, we have 
Hence h E (f/, #, $) holds. Since D is dense in C;(S), the set 
Proof of Theorem 6. Let 5 be a continuous functional on C&(X), put S = nSuppJ 
and 23 = ~TS(C&(X)). By Lemma 14, there exists a real-valued continuous function p 
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on D such that < = p o 7r.s. Since rs(.T) is a subset of Baa(S) that contains K(S), 
and the set 2, is dense in C$s(Fj (S) by Lemma 14, we can use Lemma 17. So there 
exists a closed almost cT-compact subset A of S which satisfies the condition (*) in 
Lemma 17. Obviously, A E Supp< holds. By the minimality of n SuppJ, we have 
nSupp< = A. •I 
Proof of Theorem 11. Put S = l-j Suppt. Since < is uniformly continuous, there exist 
a function & in 7 and a positive number 6, such that 
f - g E (O,d,,d,) implies (E(f) - e(g)/ < & 
for every m < w and every pair (f,g) of functions in C$(X). Put 
K,,=SK(O,,&)nS, and T=~{K,,,: m,n<w}. 
Take a pair (f, g) of functions in C:(X) such that fly = g/T. Choose a number n such 
that lifll + 1lg11 < n+ 1. For any IC in S, we have 
Idh(4 (SW - f(4) I G 
<b 
772. 
Hence g E (f, &, 6,)s holds. Using Lemma 13 with Fl = X and F2 = S, we can 
find a function h, in C$(X) such that h, E (f, q5,, 6,) and h,(s = gfs for every 
m. Since S is a support for <, we have [(h,) = E(g) for every m. Meanwhile, we have 
I[(hm) - c(f)1 < l/(m + 1) for every m, because h, - f E (0, qb,, 6,). These facts 
imply that T is a support for c. By the minimality of S, we have S = T. 0 
Proof of Proposition 12. Suppose S = U{Kn: n < w} where K, is a compact subset 
of X for every n. For every f in C%(X), we put 
&df) = 2 $ arctan (Ilfll~J 
n=O 
For every positive number E, we can choose a number m < w such that 21r/~ < 2m. 
Let q5 be the characteristic function of the compact subset U{Kn: 0 < n 6 m}. We can 
find a positive number b such that f - g E (O,q5,6) implies 
I arctan (Ilfll~~) - arctan (ll9lk) ( < & 
for every n E (0, 1,2,. . . , m} and every pair (f, g) of functions in C&(X). 
If f - g E (0,4,6), then 
J&SW - Mg)l < fJ $1 actan (Ilfll~~) - actan (Ilsll~,)~ 
n=O 
+q -g- $<E, 
n=m+l 
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This shows that 6s is uniformly continuous. Obviously, S E SuppJs. If S # n Supp&, 
then we can find a function f in C;(X) such that f/n sUpp Es = 0 and [s(f) > 0. This 
is a contradiction. 0 
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